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1 Introduction 



Recall that a C*-algebra has the weak expectation property (in short WEP) if the canonical 
inclusion from A into A** factorizes completely contractively through some B{H) [H Hilbert). 
A C*-algebra is QWEP if it is a quotient by a closed ideal of an algebra with the WEP. The 
notion of QWEP was introduced by Kirchberg in jKirj . Since then, it became an important 
notion in the theory of C*-algebras. Very recently, Pisier and Shlyakhtenko |PSj proved that 
Shlyakhtenko's free quasi-free factors are QWEP. This result plays an important role in their 
work on the operator space Grothendieck Theorem, as well as in the subsequent related works 
fPl' and |Xuj . On the other hand, in his paper [j] on the embedding of Pisier's operator 
Hilbertian space OH and the projection constant of OHn, Junge used QWEP in a crucial way. 

Hiai introduced the so-called g-Araki- Woods algebras. Let — 1 < g < 1, and let be 
a real Hilbert space and (Ut)tm an orthogonal group on i^R. Let Tg{H^, {Ut)tm) denote the 
associated g-Araki- Woods algebra. These algebras are generalizations of both Shlyakhtenko's 
free quasi-free factors (for q = 0), and Bozejko and Speicher's g-Gaussian algebras (for {Ut)tm 
trivial). In this paper we prove that Tg{H^, {Ut)teM.) is QWEP. This is an extension of Pisier- 
Shlyakthenko's result for the free quasi-free factor (with {Ut)tm almost periodic), already quoted 
above. 

In the first two sections below we recall some general background on g-Araki- Woods alge- 
bras and we give a proof of our main result in the particular case of Bozejko and Speicher's 
g-Gaussian algebras rq{H]^). The proof relies on an asymptotic random matrix model for stan- 
dard g-Gaussians. The existence of such a model goes back to Speicher's central limit Theorem 
for mixed commuting/anti-commuting non- commutative random variables (see |Sp| ) . Alterna- 
tively, one can also use the Gaussian random matrix model given by Sniady in |Snj . Notice 
that the matrices arising from Speicher's central limit Theorem may not be uniformly bounded 
in norm. Therefore, we have to cut them off in order to define a homomorphism from a dense 
subalgebra of rq{H^) into an ultraproduct of matricial algebras. In this tracial framework it 
can be shown quite easily that this homomorphism extends to an isometric *-homomorphism 
of von Neumann algebras, simply because it is trace preserving. Thus rg{H]^) can be seen as 
a (necessarily completely complemented) subalgebra of an ultraproduct of matricial algebras. 
This solves the problem in the tracial case. 

Moreover, in this (relatively) simple situation, we are able to extend the result to the 
C*-algebra generated by all g-Gaussians, C*{H^). Indeed, using the ultracontractivity of the 
g-Ornstein Uhlenbeck semi-group (see [B]) we establish that C*{H^) is "weakly ucp comple- 
mented" in Tqi^H^). This last fact, combined with the QWEP of Tq{H^), implies that C*{H^) 
is also QWEP. 

In the remaining of the paper we adapt the proof of section 01 to the more general type- 
/// g-Araki- Woods algebras. In section 0] we start by recalling Raynaud's construction of the 
von Neumann algebra's ultraproduct when algebras are equipped with non-tracial states (see 
|Ray| ) . Then, we give some general conditions in order to define an embedding into such an 
ultraproduct, whose image is of a state preserving conditional expectation. 

In section we define a twisted Baby Fock model, to which we apply Speicher's central 
limit Theorem. This provides us with an asymptotic random matrix model for (finite di- 
mensional) g-Araki Woods algebras, generalizing the asymptotic model already introduced by 
Speicher and used by Biane in jBij. Using this asymptotic model, we then define an algebraic 
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*-homomorphism from a dense subalgebra of TglH]^, (f/f)^^^) into a von Neumann ultraproduct 
of finite dimensional C*-algebras. Notice that the cut off argument requires some extra work 
(compare the proofs of Lemma f3. II and Lemma |SIZ|), for instance we need to use our knowledge 
of the modular theory at the Baby Fock level to conclude. We then apply the general results of 
section 0] (Theorem 14 .311 to extend this algebraic *-homomorphism into a *-isomorphism from 
Tg{H]^, {Ut)tm) to the von Neumann algebra's ultraproduct, whose image is completely com- 
plemented. This allows us to show that Tg{H^, {Ut)teR) is QWEP for finite dimensional 
(see Theorem I5.8|l . It implies, by inductive limit, that Tg^H^, {Ut)tm) is QWEP when {Ut)tm 
is almost periodic (see Corollary 15. 

In the last section, we consider a general algebra Tg^H^, {Ut)tm)- We use a discretization 
procedure on the unitary group {Ut)tm in order to approach Tg{H^, {Ut)tm) by almost periodic 
q-Araki- Woods algebras. We then apply the general results of section 0] and, we recover the 
general algebra as a complemented subalgebra of the ultraproduct of the discretized ones (see 
Theorem lfj.3|l . From this last fact follows the QWEP of Tg^H^, {Ut)tm)- However we were 
unable to establish the corresponding result for the C*-algebra Cg{H^, {Ut)teM.)- Indeed, if 
{Ut)teR is not trivial then the ultracontractivity of the g-Ornstein-Uhlenbeck semi-group never 
holds in any right-neighborhood of zero (see |Hij). 

We highlight that the modular theory on the twisted Baby Fock algebras, on their ultraprod- 
uct, and on the g-Araki Woods algebras, are crucial tools in order to overcome the difficulties 
arising in the non-tracial case. 

After the completion of this work, Marius Junge informed us that he had obtained our main 
result using his proof of the non-commutative L^-Khintchine inequalities for g-Araki- Woods 
algebras. Junge's approach is slightly different but its main steps are the same as ours: the 
proof uses in a crucial way Speicher's central limit Theorem, an ultraproduct argument and 
modular theory. 

2 Preliminaries 

2.1 g-Araki- Woods algebras 

We mainly follow the notations used in |Shj . |Hij and |Nouj . Let i^R be a real Hilbert space 
and {Ut)tm be a strongly continuous group of orthogonal transformations on H^. We denote 
by He the complexification of i^R and still by {Ut)tm its extension to a group of unitaries on 
H^. Let A be the (unbounded) non degenerate positive infinitesimal generator of {Ut)teR- 

Ut = A'^ for alH G M 

A new scalar product ( . , . )t/ is defined on by the following relation: 

{^,r^)u={2A{l + A)-%rj) 

We denote by H the completion of with respect to this new scalar product. For q G (—1, 1) 
we consider the g-Fock space associated with H and given by: 
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where if®" is equipped with Bozejko and Speicher's g-scalar product (see |BSlj ). The usual 
creation and annihilation operators on J-'g{H) are denoted respectively by a* and a (see |BSlj ). 
For / G -ffiR, G{f), the g-Gaussian operator associated to /, is by definition: 

G{f)=a*{f)+a{f)eB{J^,{H)) 

The von Neumann algebra that they generate in B {J^q{H)) is the so-called g-Araki- Woods 
algebra: Vq{HT^, {Ut)t&)- The g-Araki- Woods algebra is equipped with a faithful normal state 
ip which is the expectation on the vacuum vector Vt. We denote by W the Wick product ; it is 
the inverse of the mapping: 



rg(-f^M, {Ut, 



X 



xn 



Recall that Tq{H]^, {Ut)tm) C B{J^g{H)) is the GNS representation of (T,ip). The modular 
theory relative to the state ip was computed in the papers |Hij and [Sh.\ . We now briefiy recall 
their results. As usual we denote by S the closure of the operator: 

S{xn)=x*n ioiaWx eTg{Hj^,{Ut)tm) 

Let S = JA^ be its polar decomposition. J and A are respectively the modular conjugation 
and the modular operator relative to p. The following explicit formulas hold : 



S{hi ® ■ ■ ■ ® hn) = hn ® ■ ■ ■ ® hi for all /ii , . . . , /i„ G i^i 

1)®" and 



A is the closure of the operator © {A 

n=0 



J{hi ® ■ ■ ■ ^ hn) = A ^ ■ ■ ■ ® A 2 /ii for all /ii , . 
The modular group of automorphisms {<7t)tm on Tg^H^, {Ut)tei 
ori(G(/)) = A**G(/)A-'* = G(t/_i/) for all tE 



,hnEH^r\ domA"2 
relative to (f is given by: 
and all / G 



In the following Lemma we state a well known formula giving, in particular, all moments of the 
g-Gaussians. 

Lemma 2.1 Let r G and {hi)^r-^i^r be a family of vectors in Hj^. For all I G {1, . . . ,r} 
consider the operator di = a*{hi) + a{h_i). For all {k{l), . . . , k{r)) G {1, *}'" we have: 







if r is odd 



E 



Msi)Mti) 



V 2-partition 
V={{si,ti)iZ\}with si<ti 



1=1 



where iiV) = #{(A;, I), Sk < si < t^ < ti} is the number of crossings of the 2-partition V. 
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Remarks. 

• When {Ut)tm is trivial, r^(i7]R, {Ut)teR) reduces to Bozejko and Speicher's g-Gaussian algebra 
Tq{HR). This is the only case where is a trace on Tq{HR, {Ut)tm)- Actually, Tq^HR) is 
known to be a non-hyperfinite J/i factor (see |BKSj . |BSlj . |Nouj and j^). In all other cases 
Tq{HR, {Ut)tm) turns out to be a type /// von Neumann algebra (see |Shj and [Hij). 

• Lemma f2. II implies that for all n G N and all / G H^: 

V 2-partition 

Therefore, we see that the distribution of a single gaussian does not depend on the group 
{Ut)t£R- In the tracial case (thus in all cases), and when ||/|| = 1, this distribution is the 
absolutely continuous probability measure Uq supported on the interval [—2/ a/1 — q, 2/^/1 — q\ 
whose orthogonal polynomials are the g-Hermite polynomials (see |BKSj ). In particular, we 
have : 

For all fEHR, ||G(/)|| = -=^||/||h, (1) 



2.2 The finite dimensional case 

We now briefly recall a description of the von Neumann algebra rq{HR,Ut) where Hr is an 
Euclidian space of dimension 2k {k G N*). There exists {Hj)i^j^k a family of two dimensional 
spaces, invariant under {Ut)teR, and {^j)i<^j<^k some real numbers greater or equal to 1 such 
that for all j G {1, . . . , k}, 

TT _ ^ rr TT, _ ( cos(tln(A,)) -sin(tln(A,)) \ 

^^-iS^u^^ Uin(tln(A,)) cos(tln(A,)) ) 

We put / = {—A;, . . . , — 1} U {1, . . . , /c}. It is then easily checked that the deformed scalar 
product ( . , . )(7 on the complexification of Hr is characterized by the condition that there 
exists a basis {fj)j<^i in Hr such that for all (j, /) G {1, . . . , k}"^ 

{fjJ-i)u = and {f±jj±i)u = (2) 

For all j E {1, . . . ,k} we put fij = Xj . Let {ej)j^j be a real orthonormal basis of C"^^ equipped 
with its canonical scalar product. For all j E {1, . . . , k} we put 

1 " i 

fj = I (^ie„, + ii-^Cj) and /_j = (^je_j - ii'^ej) 

It is easy to see that the conditions © are fulfilled for the family {fj)j^j. We will denote 
by Hr the Euclidian space generated by the family {fj)j<^i in C^^. This provides us with a 
realization of Tq{HR,Ut) as a subalgebra of B (jFg(C^'^)). Indeed, Tq{HR,Ut) = {G{fj), j E 
I}" C B {j^qiC'^'')). For all j G {1, . . . , A;} put 



fj= ' \ /. and /-,= ^ \ 
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We define the following generalized semi-circular variable by: 

c, = G{f,) + iGU-,) = W{f) + 
It is clear that Tg(HM., Ut) = {cj, j E {1, . . . , k}}" C B (jFg(C^^)) and we can check that 

Cj = fija{e.j) + fij^a*{ej) (3) 
Moreover, for all j G {1, . . . , k}, Cj is an entire vector for {crt)tm and we have, for all z G C: 

a,{cj) = Xfcj. 

Recall that all odd ^-moments of the family {cj)i^j^k are zero. Applying Lemma l2.ll to the 

operators Cj we state, for further references, an explicit formula for the ^-moments of (cj)i^-^a:- 
In the following we use the convention = c* when there is no possible confusion. 

Lemma 2.2 Let r G N*, • • • , j(2r)) G {1, . . . , k}^'' and . . . , k{2r)) G {il}^'- 

V 2-partition 1=1 

v={{si,tiyiZi}with si<ti 

r 

^ 2^ ^ ll^i(^i) ^Ksi),-k{ti)Oj{si),j{ti) 

V 2-partition 1=1 
V={{si,ti)\Zl}with si<ti 

Proof. As said above this is a consequence of Lemma 12.11 and the explicit computation of co- 
variances. Using Q we have: 

. fc(l) fc(2)^ _ l^-m^ fc(2)^^ 
^'^S(l)S-(2)^ ~ \S(1) "'S(2)"/ 

/ -fc(2) \ 

- \/^j(l)e-fc(l)i(l),/^j(2) efc(2)j(2); 

= ')fc(l), -fe(2) ^(l),i(2) 

□ 



2.3 Baby Fock 

The symmetric Baby Fock (also known as symmetric toy Fock space) is at some point a discrete 
approximation of the bosonic Fock space (see |PAMj ) . In jBij, Biane considered spin systems 
with mixed commutation and anti-commutation relations (which is a generalization of the 
symmetric toy Fock), and used it to approximate g-Fock space (via Speicher central limit 
Theorem). In this section we recall the formal construction of [BPj. Let / be a finite subset 
of Z and e a function from / x / to { — 1, 1} satisfying for all (^, j) G = e{j,i) and 

e{i,i) = —1. Let A{I,e) be the free complex unital algebra with generators (xj)jg/ quotiented 
by the relations 

XiXj - e{i,j)xjXi = 26ij for {i,j)eP (4) 

We define an involution on A{I,e) by x* = Xj. For a subset A = {ii,...,ik} of I with 
ii < ■ ■ ■ < ifc we put xa = a^n • • -ajj^, where, by convention, X0 = 1. Then {xa)aci is a basis 
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of the vector space A{I,e). Let yj'' be the tracial functional defined by (P^^xa) = Sa,0 for all 
A (Z I. {x,y) = (p'^{x*y) defines a positive definite hermitian form on A{I,e). We will denote 
by L^(^(/, e), ^9") the Hilbert space A{I,e) equipped with (., .). {xa)aci is an orthonormal 
basis of L'^ {A{I , e) , ip'') . For each i & I, define the following partial isometrics /?* and a* of 
L\A{I,e),^^)hY: 

XiXA if i ^ A *f \ _ f ^AXi if i ^ A 

ii leA ^"""^ Q a ^eA 

Note that their adjoints are given by: 

n / \ J XiXA \i i & A . , , 
Pi[xA) = { Q li i^A (^Axa) = 

P* and Pi (respectively a* and ctj) are called the left (respectively right) creation and annihila- 
tion operators at the Baby Fock level. In the next Lemma we recall from [Bij the fundamental 
relations 1. and 2., and we leave the proof of 3., 4. and 5. to the reader. 

Lemma 2.3 The following relations hold: 

1. For alii el {p*f = Pf = and pip* + p*pi = Id. 

2. For all {i,j) E P with i ^ j pipj - e{ij)pjpi = and PiP* - e{i,j)p*pi = 0. 

3. Same relations as in 1. and 2. with a in place of p. 

4. For alii e I P*a* = a*P* = and for all {i,j) e P with i ^ j P*a* = a*P*. 

5. For all {i,j) G P P*aj = ajP*. 

It is easily seen, by 1. and 2. of Lemma l2.H| that the self adjoint operators defined by: 
7j = P* + Pi satisfy the following relation : 

for all {i,j) G - e{i,j)-fj-fi = 26ijld (5) 

Let Tj C B (L"^ {A{I , e) , ip")) be the *-algebra generated by all i E I. Still denot- 
ing by (f"^ the vector state associated to the vector 1, it is known that ip"^ is a faithful nor- 
malized trace on the finite dimensional C*-algebra F/ (see the remarks below). Moreover, 
F/ C i?(L^(^(/, e), </?")) is the faithful GNS representation of (F/, </?'') with cyclic and separat- 
ing vector 1. 

Remarks. 

• It is clear that we can do the previous construction for some finite sets / that are not given 
explicitly as subsets of Z. Then, to each total order on I we can associate a basis {xa)aci of 
A{I,e). But, because of the commutation relations (jH), the state the scalar product on 
A{I, e) and the creation operators do not depend on the chosen total order. 

• We can also extend the previous construction to not necessarily finite sets /. Only the 
faithfulness of y?" on F/ requires some comments. It suffices to see that the vector 1 is separating 
for F/. Indeed, set 6i = a* + for i G /, and 

Trj = {6„t e I}" C B{L\A{I,e),^')). 
7 




j XAXi if i E A 
1 li i^A 



Then, it is clear from 4. and 5. of Lemma f2. 31 that Trj C T'j (there is actually equality). Since 
1 is clearly cyclic for T^j, then it is also cyclic for T'j, thus 1 is separating for Tj. 

• Let I and J, I C J, be some sets together with signs e and e' such that e'^^^ = e. It is 

clear that L'^ {A{I , e) , cp^) embeds isometrically in L'^{A{J, e'), cp^'). Set K = J \ I . Fix some 
total orders on I and K and consider the total order on J which coincides with the orders of 
I and K and such that any element of / is smaller than any element of K. The associated 
orthonormal basis of L'^ {A{J, e') , ip'' ) is given by the family {xAXB)A£j^{i),Be:F{K) (where J-'{I), 
respectively J-'{K), denotes the set of finite subsets of /, respectively K). In particular with 
have the following Hilbertian decomposition: 

L2(^(J,e'),/)= L'iAiI,e),^^)xB (6) 

For j E I we (temporarily) denote by jSj the annihilation operator in B{L^{A{I,e),(p'^)) and 
simply by /3j its analogue in B{L'^{AiJ,e'),ip'')). Let Cj (respectively Cj) be the C*-algebra 
generated by {Pj, j G /} (respectively {Pj, j G J}) in B{L'^{A{I,e),ip'')) (respectively 
B{L'^{A{J,e'),ip'' ))). Consider also Cj the C*— algebra generated by {Pj, j G /} in 
i?(L^(^(/, e), </?")). For B = {ji, . . . ,jk} C K, with ji < ■ ■ ■ < jk, let us denote by as the 
operator . . . aj^.. If T G C/ and if T denotes its counterpart in Cj, then it is easily seen that, 
with respect to the Hilbertian decomposition we have 

T= a*sfaB. (7) 
It follows that Cj is ^-isomorphic to Cj (1 Cj. 

• It is possible to find explicitly selfadjoint matrices satisfying the mixed commutation and 
anti-commutation relations (0) (see |Sp| and jBi]). We choose to present this approach because 
it will be easier to handle the objects of modular theory in this abstract situation when we will 
deal with non-tracial von Neumann algebras (see section EJ. 

2.4 Speicher's central limit Theorem 

We recall Speicher's central limit theorem which is specially designed to handle either commut- 
ing or anti-commuting (depending on a function e) independent variables. Roughly speaking, 
Speicher's central limit theorem asserts that such a family of centered noncommutative variables 
which have a fixed covariance, and uniformly bounded ^-moments, is convergent in ^-moments, 
as soon as a combinatorial quantity associated with e is converging. Moreover the limit *- 
distribution is only determined by the common covariance and the limit of the combinatorial 
quantity. 

We start by recalling some basic notions on independence and set partitions. 

Definition 2.4 Let {A,ip) be a *-algebra equipped with a state ip and {Ai)i^i a family of C*- 
subalgebras of A. The family {Ai)i<zi is said to be independent if for all r G N*, (ii, . . . , v) & 
with is 7^ it for s ^ t, and all G Ai^ for s G {1, . . . , r} we have: 

ip{ai^ . . .tti^) = ip{ai^) . . . p>{ai^) 

As usual, a family {ai)i^i of non- commutative random variables of A will be called independent 
if the family of C* -subalgebras of A that they generate is independent. 
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On the set of p-uples of integers belonging to {!,..., N} define the equivalence relation ~ by: 

(i(l), . . . , i{p)) ~ . . .J{p)) if (i(0 = i(m) « = j(m)) V m) e {1, . . . 

Then the equivalence classes for the relation ~ are given by the partitions of the set {1, . . . ,p}. 
We denote by Vi, . . . , the blocks of the partition V and we call V a 2-partition if each of these 
blocks is of cardinal 2. The set of all 2-partitions of the set {1, . . . ,p} {p even) will be denoted 
by P2(l, ...,p) . For V e 7^2(1, ■ ■ ■ , 2r) let us denote by = {si, U), si < U, for Z e {1, . . . , r} 
the blocks of the partition V. The set of crossings of V is defined by 

/(V) = {(/, m) G {1, . . . , r}2, si<s^<ti< t^} 

The 2-partition V is said to be crossing if /(V) ^ and non-crossing if /(V) = 0. 

Theorem 2.5 (Speicher) Consider k sequences (&jj)(jj)eN*x{i,...,fc} in a non- 
commutative probability space {B, (p) satisfying the following conditions: 

1. The family {bi,j)(^i,j-)^fq,^x{i,...,k} is independent. 

2. For all {i,j) e x {1, . . . , k}, ^{bij) - 

3. For all {k{l),k{2)) e {-1,1}^ and {j{l)J{2)) e {l,...,k}^, the covariance 
'fi(^if{i)^if{2)) independent of i and will be denoted by </7(6^|^j6^pj). 

^. For all w G N*, • • • , k{w)) G { — 1, 1}"' and all j G {1, . . . , /c} there exists a constant 

C such that for all i G N*, |v?(65^^ . . . l^^^)] ^ C. 

5. For all {i{l).i{2)) G there exists a sign e(i(l),i(2)) G { — 1,1} such that for all 
(j(l),j(2)) G ''^^th m.m) + (^(2),J(2)) and all {k{\),k{2)) G {-1, Ij^ 
we have 

,fe(i) ,fe(2) _ /./-,\ vo^u'=(2) uH^) _n 
^i{i),j{ifi{2),j{2) ^lH-LJ>H^;;0i(2)j(2)0j(i)j(i) - 

(notice that the function e is necessarily symmetric in its two arguments). 

6. For all r G and all V = {(s/, G 7^2(1, • • • , 2r) the following limit exists 

N 



i{si),...,i{sr)=l {l,m)eI{V) 



1 



Let (S'jvj = — ^ Si=i ^ij- ^^6?^ have for all p G N*, {k(l), ■ ■ ■ , k(p)) G {—1, arac? 



all {j{l),...,j{p))e{l,...,k}P: 

if p is odd 



VeP2(l,-,2r) 

v={(siA)i=u 
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Remark. Speicher's Theorem is proved in 'Sp' for a single limit variable. One could ei- 
ther convince oneself that the proof of Theorem 12.51 goes along the same lines, or deduce it 
from Speicher's usual theorem. Indeed, it suffices to apply Speicher's theorem to the family 

^j^i.j 1 ? fo^^ ^11 {zi, . . . , Zk) G and to identify the Fourier coefficients of the limit 

^-moments. 

The following Lemma, proved in |Sp| , guarantees the almost sure convergence of the quantity 
t{V) provided that the function e has independent entries following the same 2-points Dirac 
distribution: 

Lemma 2.6 Let q G (—1, 1) and consider a family of random variables e{i,j) for {i,j) G N=k 
with i ^ j , such that 

1. For all {i,j) G with i ^ j, e{i,j) = e{j,i) 

2. The family {t{i,j))iyj is independent 

3. For all {i,j) G N=k with i ^ j the probability distribution of e{i,j) is 
Then, almost surely, we have for all r G N* and for all V G P2(l, • • • , 2r) 



1 ^ 



j(si),...,j(sO=l (i,m)G/(V) 

Remark. It is now a straightforward verification to see that Theorem 12 . 51 combined with Lemma 
2.61 can be applied to families of mixed commuting / anti-commuting Gaussian operators (see 
Lemma [5. 41 for the independence condition). The limit moments are those given by the classical 
g-Gaussian operators (by classical we mean that {Ut)tm is trivial). 

Alternatively, one can apply directly Speicher's theorem to families of mixed commuting / anti- 
commuting creation operators as it is done in |Sp| and [Bij. The limit ^-moments are in this 
case the ^-moments of classical g-creation operators. 



3 The tracial case 

Our goal in this section is to show that TglH^) is QWEP. In fact, by inductive limit, it is 
sufficient to prove it for ifiR finite dimensional. Let k ^ 1. We will consider as the real 
Hilbert space of dimension k, with the canonical orthonormal basis [ci, . . . ,ek), and C'^, its 
complex counterpart. Let us fix q G (—1,1) and consider rg(M'^) the von Neumann algebra 
generated by the g-Gaussians G{ei), . . . , G(efc). We denote by r the expectation on the vacuum 
vector, which is a trace in this particular case. 

By the ending remark of section |2l, there are Hermitian matrices, gn,i{u!), . . . ,gn,k{^^), de- 
pending on a random parameter denoted by u and lying in a finite dimensional matrix algebra, 
such that their joint *-distribution converges almost surely to the joint *-distribution of the 
g-Gaussians in the following sense: for all polynomial P in A; noncommuting variables. 
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lim r„(P(5(„,i(u;), . . . , gn,k{uj))) = r(P(G'(ei), . . . , G{ek))) almost surely in u. 

n— >oo 

We will denote by An the finite dimensional C*-algebra generated by gn,i{uj), . . . ,gn,k{l^)- We 
recall that these algebras are equipped with the trace r„ defined by: 

Tn{x) = {l,X.l) 

Since the set of all monomials in k noncommuting variables is countable, we have for almost 
all u, 

lim r„(P((7„_i(u;), . . . , gn,k{,'^)) = T{P{G(ei), . . . , G{ek))) for all such monomials P (8) 

n— >oo ' ' 

A fortiori we can find an ujq such that (jH)) holds for c^o- We will fix such an uq and simply 
denote by gn,i the matrix gn,i{ujo) for alH G {1, . . . , k}. With these notations, it is clear that, 
by linearity, we have for all polynomials P in k noncommuting variables, 

lim Tn{P{gn,i, gn,k)) = r{P{G{e^), G(efc))). (9) 

n— >oo 

We need to have a uniform control on the norms of the matrices gn,i- Let C be such that 
||G(ei)|| < C, we will replace the g^/s by their truncations X]-c,ci{gn,i)gn,i (where X]-c,c[ 
denotes the characteristic function of the interval ] — C, C[). For simplicity X]-c,c[{gn,i)gn,i "will 
be denoted by gn,i- We now check that © is still valid for the gn/s. 

Lemma 3.1 With the notations above, for all polynomials P in k noncommuting variables we 
have 

lim Tn{P{gn,u • • • , ~gn,k)) = r{P{G{ei), . . . , G{ek))). (10) 

n— >oo 

Proof. We just have to prove that for all monomials P in k noncommuting variables we have 

lim Tn [P{gn,l, • • • , gn,k) " P(5'n,l, • • • , 5'n,fc)] = 0. 

Writing gn,i = gn,i + {gn,i — gn,i) and developing using multilinearity, we are reduced to showing 
that the L^-norms of any monomial in (jn^i and {gn,i — gn,i) (with at least one factor {gn,i — gn,i)) 
tend to 0. By the Holder inequality and the uniform boundedness of the ||^„^j||'s, it suffices to 
show that for alH G {1 . . . A;}, 

lim Tn{\gn,i - gn,i\^) =0 for all J9 ^ 1. (11) 

n— >oo 

Let us prove (lllj) for i = 1. We are now in a commutative setting. Indeed, let us introduce 
the spectral resolutions of identity, (respectively Et), of gn,i (respectively G{ei)). By ^ we 
have for all polynomials P 

lim r„(P((?„,i)) = r(P(G(ei))). 

n— >oo 

We can rewrite this as follows: for all polynomials P 



n— >oo 



lim / p(t)d(Ef.i,i) = / p{t)d{Et.n,n). 
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Let fin (respectively /i) denote the compactly supported probability measure {E^.l, 1) (respec- 
tively {Et.Q,Q)) on M. With these notations our assumption becomes: for all polynomials P 



lim / Pd/i„ = / Pd/i. (12) 

n— >r- 

and (fTT|) is equivalent to: 



lim / = for all p ^ 1. (13) 



Then the result follows from the following elementary Lemma. We give a proof for sake of 
completeness. 

Lemma 3.2 Let {Hn)n^i be a sequence of compactly supported probability measures on R con- 
verging in moments to a compactly supported probability measure /i on M. Assume that the 
support of fi is included in the open interval ] — C, C[. Then, 



n— >oo 



lim / dyU„ = 0. 

'\t\^c 



Moreover, let f be a borelian function on M such that there exist M > and r G N satisfying 
\f{t)\^ M{t'^'- + 1) for all t ^ C. Then, 



n—KX) 



lim / /d/i„ = 0. 



Proof. For the first assertion, let C < C such that the support of /i is included in ] — C", C'[. Let 

e > and an integer k such that (^) ^ e. Let P{t) = {-^Y'' ■ It is clear that X{\t\^c}{t) ^ P(t) 
for allt G M and that supi^i^c*; P(t) ^ e. Thus, 

^ lim sup / d/i„ ^ lim / P{t)dfin = / P{t)dfi ^ e. 

n-*oo J\t\^C n-ooj J 

Since e is arbitrary, we get lim J^^|^^dyU„ = 0. 

The second assertion is a consequence of the first one. Let / be a borelian function on M such 
that there exist M > and r G N satisfying |/(t)| ^ M{t'^'' + 1) for all t G M. Using the 
Cauchy-Schwarz inequality we get: 

O^limsup/ |/|d/i„ ^ lim sup / M(t2'- + l)d/i„ 

n^oo J\t\^C' n-*oo J \t\^C 

^ M lim ( / + ifdfiA ' lim ( [ d/i„ 



n— >oo 



\t\^C 



^ m( [ + ifdi^ ' lim ( [ dfin) ' = 
\J J \Jmc J 



□ 



Remark. Let us define A as the *-algebra generated by G(ei), . . . ,G(efc). Observe that A is 
isomorphic to the *-algebra of all polynomials in k noncommuting variables (the free complex 
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*-algebra with k generators). Indeed, if P{G{ei), . . . , G{ek)) = for a polynomial P in k non- 
commuting variables, then the equation P{G{ei), . . . , G{ek))^ = implies that all coefficients 
of monomials of highest degree are 0, and thus P = by induction. More generally, this remains 
true for the g-Araki Woods algebras Tg {H^, {Ut)tm)- if (ei)je/ is a free family of vectors in 
then the *-algebra Ai generated by the family {G{ei))i^i is isomorphic to the free complex 
*-algebra with I generators. 

Let U he a free ultrafilter on N* and consider the ultraproduct von Neumann algebra (see 
jP] section 9.10) defined by 




where In = {{xn)n^i G Yl -^n, linir„(a;*x„) = 0}. The von Neumann algebra is equipped 

with the faithful normal and normalized trace t((x„)„j>i) = limr„(x„) (which is well defined). 

Using the asymptotic matrix model for the g-Gaussians and by the preceding remark, we 
can define a *-homomorphism if between the *-algebras A and A^ in the following way: 

(p{P{G{ei), . . . , G{ek))) = (P(^n,l> • • ■ > 9n,k))n^l 

for every polynomial P in k noncommuting variables. By Lemma f3. 11 is trace preserving on 
A. Since the *-algebra A is weak-* dense in rg(]R'^), ip extends naturally to a trace preserving 
homomorphism of von Neumann algebras, that is still denoted by ip (see Lemma (4.21 below for 
a more general result). It follows that rq(R'^) is isomorphic to a sub- algebra of A^ which is 
the image of a conditional expectation (this is automatic in the tracial case). Since the ^^'s 
are finite dimensional, they are injective, hence their product is injective and a fortiori has the 
WEP, and thus A^ is QWEP. Since Tg{R^) is isomorphic to a sub-algebra of A^ which is the 
image of a conditional expectation, rg(R^) is also QWEP (see |()zj ). We have obtained the 
following: 

Theorem 3.3 Let ifu be a real Hilbert space and q G (—1,1). The von Neumann algebra 
Tg{Hu) %s QWEP. 

Proof. Our previous discussion implies the result for every finite dimensional H^. The gen- 
eral result is a consequence of the stability of QWEP by inductive limit (see |Kirj and |()zj 
Proposition 4.1 (iii)). D 

Let C*{Hr) be the C*-algebra generated by all g-Gaussians: 

C;{H^) = C*{{Gif)Je H^}) C BiJ^giHc)). 
We now deduce the following strengthening of Theorem 13.31 

Corollary 3.4 Let be a real Hilbert space and q G (—1,1). The C*-algebra C*{H]^) is 
QWEP. 

Let A, B, with A G B he C*-algebras. Recall (from |()zj ) that A is said to be weakly cp 
complemented in B, if there exists a unital completely positive map $ : B — > A** such that 
$1^ = id-A. Corollarv 13.41 is then a consequence of the following Lemma. 
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Lemma 3.5 The C*-algebra C*{H^) is weakly cp complemented in the von Neumann algebra 

Proof. For any t G denote by the unital completely positive maps which are the second 
quantization of e~*id : — > (see |BKSj ): 

^t = Tgie-Hd):Tg{Hu)^T,{HM.), for all t ^ 0. 

{^t)tm+ is a semi-group of unital completely positive maps which is also known as the q- 
Ornstein-Uhlenbeck semi-group. By the well-known ultracontractivity of the semi-group ($t)t6R_,_ 
(see jB]), for all t e M; and all W{^) G Tq{Hu), we have 

WMwmKcliY^M- (14) 

On the other hand, as a consequence of the Haagerup-Bozejko's inequality (see iB|), for every 
n G N and for every ^„ G H^"", we have W{^n) e C*{Hm.). Fix t G M;, W{^) G TgiH^.), and 
write ^ = J2 with G H^'"' for all n. From our last observation, for all A'" G N, 

nSN 

N N 
n=0 n=0 

By dHj), $((iy(^)) is the norm limit of the sequence {Tn)^^, so $t(iy(0) belongs to C*(i7K). 
It follows that maps Tg{H^) into C*{H]^). Moreover, it is clear that 

lim||$i(W^(O)-W^(OII = 0, for all W{OeC;{H^). (15) 

Take (t„)„eN a sequence of positive real numbers converging to and fix W a free ultrafilter on 
N. By w*-compactness of the closed balls in [C*{Hm.)) , we can define the following mapping 
^■.Tg{H^)-^{C;{H^)y* by 

^W{0) = w*-lim<!>t„{W{0), for all W{OeTg{H^). 

n,U 

$ is a unital completely positive map satisfying ^\c*{Hu) = idc*(HM) CS)- I— ' 

Proof of Corollary \3.4\ This is a consequence of Theorem 13.31 Lemma and Proposition 4.1 
(ii) in (Oil. □ 

4 Embedding into an ultraproduct 

The general setting is as follows. We start with a family {{An, H^n))nim of von Neumann algebras 
equipped with normal faithful state We assume that An C B{Hn), where the inclusion is 
given by the G.N.S. representation of {An, ^Pn)- Let W be a free ultrafilter on N, and let 

A=l[An/U 

jieN 
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be the C*-ultraproduct over lA of the algebras An- We canonically identify A C B{H), where 
H = Yl Hn/U is the ultraproduct over lA of the Hilbert spaces Following Raynaud (see 

nGN 

|Ray| ) , we define A, the vN-ultraproduct over U of the von Neumann algebras A^ as the w*- 
closure of A in B{H). Then the predual A^. of A is isometrically isomorphic to the Banach 
ultraproduct over U of the preduals (An)^'- 

A. = lliAn)jU (16) 

ngN 

Let us denote by the normal state on A associated to (v5n)nGN- Note that is not faithful 
on A, so we introduce p E A the support of the state ^p. Recall that for aX\ x E A we have 
^{x) = (p{xp) = ip{px), and that (p{x) = for a positive x implies that pxp = 0. Denote by 
[pAp, if) the induced von Neumann algebra pAp C B{pH) equipped with the restriction of the 
state (p. For each nGN, let {a^)teR be the modular group of automorphisms of with the 
associated modular operator given by A„. For all t G M, let (AJ^*)' be the associated unitary 
in n B{Hn)/U C B{H). Since {(t{)1^^^ is the conjugation by (AjJ)*, it follows that {(TtYnm 

nGN 

extends by w*-continuity to a group of *-automorphisms of A. Let {at)tm be the local modular 
group of automorphisms of pAp. By Raynaud's result (see Theorem 2.1 in |Ray| ) , pAp is stable 
by (cr")*gfi^ and the restriction of (cr")*^^ P-^P coincides with at- 

In the following, we consider a von Neumann algebra M C B{K) equipped with a normal 
faithful state ip- Let be a M;*-dense *-subalgebra of A/" and $ a *-homomorphism from J\f 
into A whose image will be denoted by B with w*-closure denoted by B- 

$ : ^^ c^^ c b{k) — > s c ^ c b{h) and at = a/", b =b 

By a result of Takesaki (see |Takj ) there is a normal conditional expectation from pAp onto 
pBp if and only if pBp is stable by the modular group of (p (which is here given by Raynaud's 
results). Under this condition there will be a normal conditional expectation from A onto pBp 
and pBp will inherit some of the properties of A- We would like to pull back these properties to 
A/" itself. It turns out that, with good assumptions on $ (see Lemma lTTl below) . the compression 
from B onto pBp is a *-homomorphism. If in addition, we suppose that $ is state preserving, 
then p^p can be extended into a to*-continuous *-isomorphism between A^ and pBp- 

Lemma 4.1 In the following, 1. =^ 2. =^ 3. <^=^ 4. <^=^ 5..' 

1. For all X E B there is a representative {xn)n£N of x such that for all n E N, Xn is entire 
for (cr")tgiR and (cr"j(x„))„gN is uniformly bounded. 

2. For all X E B there exists z E A such that for all y E A we have (p{xy) = ipiyz). 

3. For all {x,y) E B^: ip{xpy) = (p{xy) 

4- For all {x,y) E B^, pxyp = pxpyp, i.e the canonical application from B to pBp is a 
*-homomorphism. 

5. pE B'. 
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Proof. 1. =^ 2. Consider x ^ B with a representative (.x„)„gpj such that for all n G N, Xn is entire 
for (a")t£K and {(y"Li{xn))n<=N is uniformly bounded. Denote hj z E A the class (^""^(a;^))'^!^. By 
'u;*-density and continuity if suffices to consider an element y in A with representative (|/n)neN- 
Then, 

(p{xy) = \im(pn{xnyn) = lim(/7„(?/nO--i(a^n)) = <p{yz) 

n,U n,U 

2. =^ 3. Here again it suffices to consider {x,y) G B^. By assumption there exists z ^ A such 
that for all t & A, ip{xt) = ip{tz). Applying our assumption for t = py and t = y successively, 
we obtain the desired result: 

(p{xpy) = (p{pyz) = ip{yz) = (p{xy) 

3. =^ 4. Let X & B. We have, by 3.: v^(a;(l — p)a;*) = 0. Since p is the support of ip and 
x{l — p)x* ^ 0, this imphes px{l — p)x*p — 0. Thus for all x G B we have 

pxpx*p = pxx*p 

We conclude by polarization. 

4. =^ 5. Let q be an orthogonal projection in B. By 4., pgp is again an orthogonal projection 
and we claim that this is equivalent to pq = qp. Indeed, let us denote by x the contraction qp. 
Then x*x = pqp and since pqp is an orthogonal projection we have \x\ = pqp. It follows that 
the polar decomposition of x is of the form x — upqp, with u a partial isometry. Computing 
x^, we see that x is a projection: 

x^ = upqp{qp) = upqp = x. 

Since x is contractive, we deduce that x is an orthogonal projection and that x* — x. Thus 
pq = qp. Since B is generated by its projections, we have p G B'. 

5. =^ 3. This is clear. D 

We assume that one of the technical conditions of the previous Lemma is fulfilled. Let us 
denote by = is a *-homomorphism from J\f, into pAp. 

= p^p : N — > pAp C B{pH) 

We assume that $, and hence 0, is state preserving. Then can be extended into a {w*- 
continuous) *-isomorphism from H onto pBp. This is indeed a consequence of the following 
well known fact: 

Lemma 4.2 Let {M.,ip) and {M^ip) he von Neumann algebras equipped with normal faithful 
states. Let M., (respectively M ) , be aw* dense *-subalgebra of M. (respectively M ) . Let be 
a *-homomorphism from M. onto J\f such that for all m & M we have -0(^(771)) = ip{m) ("if is 
state preserving). Then extends uniquely into a normal ^-isomorphism between M. and H . 

1 

Proof. Since ip is faithful, we have for all ra G M., ||m|| = lim Lp ((m*m)")2". Thus, since ^ is 
state preserving, ^ is isometric from M. onto M. We put 

ipM = {</7.m, m G M} C M* and ipN = {^-n, n G N} C N*. 
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ipM. (respectively ipN') is dense in A^* (respectively Af^.). Let us define the following linear 
operator S from ipAf onto ipM.: 

S('?/'.\E'(m)) = (f.m for all m G 

Using Kaplansky's density Theorem and the fact that \E' is isometric, we compute: 

||5('?/'.\E'(m)|| = sup ||(/)(mmo)|| = sup ||';/^(\E'(m)^(mo))|| 

mo&M, ||mo||^l mo^Ai, ||mo||^l 

= sup ||^(^(m)r2o))|| = ||^.*(m)|| 

noGjV, ||no||^l 

So that S extends into a surjective isornetry from A/"* onto A^*. Moreover S is the preadjoint 
of \E'. Indeed we have for all (m, mo) G Ai^: 

(ip ."^ {m) , {rrio)) = '?/'(\E'(m)\E'(mo)) = (f{mmo) = (Blip ."^ {m)) , tuq) 

Thus \I' extends to a normal ^-isomorphism between A/" and Ai. D 
In the following Theorem, we sum up what we have proved in the previous discussion: 

Theorem 4.3 Let [M^ip) and {Ani^n), for n ^ N, be von Neumann algebras equipped with 
normal faithful states. Let U be a non trivial ultrafilter on N, and A the von Neumann algebra 
ultraproduct over U of the An 's. For all n E N let us denote by ((T")tg]R the modular group of 
ipn CLnd by (p the normal state on A which is the ultraproduct of the states ipn- P & A denote 
the support of ip. Consider M a w*-dense *-subalgebra of M and a *-homomorphism $ 

$ : A'C A" — = JJx 

n,U 

Assume $ satisfies: 

1. $ is state preserving: for all x & N we have 

2. For all {x,y) G ^{Aff 

(p{xy) = (fixpy). 
(Or one of the technical conditions of Lemma \4-1\ ) 

3. For allt eR and for all y = (?/„)'gN G $(A'); 

Pi^tiyn))nenP (= Mpyp)) e pBp 

where B is the w* -closure of ^{Af) in A. 

Then G = p^p : Af — > pAp is a state preserving *-homomorphism which can be extended into 
a normal isomorphism (still denoted by Q) between Af and its image Q{A/) = pBp. Moreover 
there exists a (normal) state preserving conditional expectation from A onto Q{Af). 
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Remarks. 

• Condition 2. is in fact necessary for being a *-homomorphism (by Lemma l^?T|) . and condition 
3. is necessary for the existence of a state preserving conditional expectation onto ©(A/") (by 

• Let us denote by (erf )teK the modular group of ^-automorphisms of ip. Provided that (af 
maps A/" into itself, we can replace condition 2. of the previous Theorem by the following 
intertwining condition: For all t G M and for all x E JV we have 

where $(x) = (l/n)*gN- Moreover, notice that if the conclusion of the Theorem is true, then 
this condition must be fulfilled for all t G M and for all x G A/" (see |Tak2j page 95). 

Corollary 4.4 Under the assumptions of the previous Theorem, M is QWEP provided that 
each of the An is QWEP. 

Proof. This is a consequence of Kirchberg's results (see |Kir| lUzj ). First, Y\ An is QWEP as 

neN 

a product of QWEP C*-algebras ( |()zj Proposition 4.1 (i)). Since ^ is a quotient of a QWEP 
C*-algebra, it is also QWEP. It follows that A which is the w*-closure of A in B{H) is QWEP 
(by jOzj Proposition 4.1 (iii)). Since there is a conditional expectation from A onto pAp, pAp 
is QWEP (see [Kir ). Finally, by Theorem 14. 31 M is isomorphic to a subalgebra of pAp which is 
the image of a (state preserving) conditional expectation, thus M inherits the QWEP property. 
□ 

5 The finite dimensional case 

In this section we show that Vq{HT^, {Ut)t&) is QWEP when is finite dimensional. For 

notational purpose, it will be more convenient to deal with dim {Ht^ even. This is not relevant 

in our context (see the remark after Theorem 15. 8p . We put dim (if]g) = 2k. Notice that 

Vq[H^, {Ut)t&) only depends on the spectrum of the operator A. The spectrum of A is given 

by the set {Ai, . . . , A^} U {A^^, . . . , A^^} where for all j G {1, . . . , /c}, \j ^ 1. As in subsection 
_ 1 
12.21 , we use the notation Hj = A * . 

5.1 Twisted Baby Fock 

We start by adapting Biane's model to our situation. Let us denote by / the set {—k, . . . , —1} U 
{1, . . . ,k}. As in subsection 12.41 we give us a function e on J x / into { — 1, 1} and we consider 
the associated complex *-algebra A{I, e). By analogy with Q, for all j G {1, . . . ,k} we define 
the following generalized semi-circular variables acting on L'^{A{I,e),ip'^): 

'ji = /ij"^/?* + fii(3-i and 5i = fiia* + ii^^a^i 

We denote by P (respectively Pr) the von Neumann algebra generated in B{L'^{A{I, e), ip^)) by 
the 7j (respectively P^ is the natural candidate for the commutant of P in 
i?(L^(^(/, e), </?")). We need to show that the vector 1 is cychc and separating for P. To do so 
we must assume that e satisfies the following additional condition: 

For all (^,J)e/^ e(z,j)=e(N,|j|) (17) 
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This condition is in fact a necessary condition for C V and for condition l.(a) of Lemma 
below. 

Lemma 5.1 Under condition the following relation holds: 

For all i E I, ai[3* + Q*_^[3-i = [3*ai + [3-iQ.*_^ 
Proof. Let i E I and A (Z I. We have 



+ a%(5-i){xA) = 

and 

Thus, we need to study the following cases. Assume that A = {ii, . . . ,ip} where ii < ■ ■ ■ < 

ip. 

1. If i and —i belong to A then there exists G {1, • • • / < tm, such that ii = —i 
and im = i- Applying successively relations (jlj) and (fTTj). we get: 

/i-i \ 

X —iX aX —i j ^(^(?) ^) 1 "^ii • • • ■^ii — i'^i;-)-! • • • -^ip-^—i 

\q=l J 

n ^(^-f [ n ) = ~ n ^(^-f ) 

\q=l / \q=l+l / \q=l / 

P \ 

]^e(ig,i) I xa = XiXAXi 

2. If z and —i do not belong to A, we can check in a similar way that: 

XiX A^i 

3. If i E A and —i ^ A, then there exists / G {1, . . . ,p} such that = i. We have: 

X^XaXi j ^(^gi 1 "^^i ■ ■ ■ •^ii—i'^ii+i • • • Xi^X-i 
\q=l J 

n^(^9>o ) ( n ^(^9'^) \xA=- [w^Kh^^} I XA 

p 

]^e(^«g,-«j I Xa = -X-iXAX^ 



,9=1 



This finishes the proof. 
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□ 

Lemma 5.2 By construction we have: 

1. For all G {1, . . . , fc}^, i ^ j , the following mixed commutation and anti- commutation 
relations hold: 

(a) -fi-fj - e{i,j)-fj% = 

(b) 7*7^- -e(i,j)7,7; = 

(c) {i:? = 7f = 

(d) i*% + in* = {f^l + f^7')Id. 

2. Same relations as in 1. for the operators Si. 

3. Tr C r. 

4- The vector 1 is cyclic and separating for both T and F^. 
5. r C B{L'^{A{I,e),ip')) is the (faithful) G.N.S representation of{T,ip'). 
Proof. l.(a) Thanks to 2. of Lemma f2. 31 and ()17|) we get: 

= (^{iJhjli 

l.(b) Is analogous to (a) and is left to the reader. 

l.(c) Using 1. and 2. of Lemma EHl and e(z, —i) = e{i, i) = —1 we get: 

7- = f^fm' + + /3:/3-^ + f3-^/3: 

1. (d) Using similar arguments, we compute: 

7*7^ + la* = f^fim + + ^^■{P-^P-^ + P-^P-^) + P^P-^ + P-^P^ 

+ PUP* + f3*(3*_, 

2. Is now clear from the proof of 1. since the relations for the a^'s are the same as the ones for 
the /Si's. 

3. It suffices to show that for all {i,i) G {1, . . . , kY we have 7i(5j = (5j7i and 7i5* = (5*7i. 
If i 7^ j then from 5. of Lemma EHl it is clear that 7i5j = (5j7i and 7i5* = 5*7i. 

If 2 = j then using 4. and 5. of Lemma 12.31 and Lemma 15.11 we obtain the desired result as 
follows: 

7i5i = (3*a* + (3-ia_i + fi~'^P*a_i + fi'^P-ia* = fi~'^P*a_i + f^P-ia* 
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and 



4. It suffices to prove that for any A G I we have Xa G rinFrl. Let ^4 C / and (Xi)ie/ G {0, 1}^ 
such that Xi = 1 if and only if i G A. Then 

•^A — . . . Xj^ •••-''fc 

= /.f . . . /.f -^-'=7^-'= ■ ■ ■ 7r'-Wf ■ ■ ■ 7f 1 
where by convention 7^"^ = 7*. 

The same computation is vahd for Fr and we obtain: 

XA = /x^-^-^^ . . . i^l-'-'^'si' . . . srs;""-' . . . s-^^-n 

It follows that the vector 1 is cyclic for both F and Fj.. Since F^ C F' then 1 is also cyclic for 
F' and thus separating for F. The same argument applies to F^ and thus 1 is also a cyclic and 

separating vector for F^. 

5. This is clear from the just proved assertion and the fact that the state ip" is equal to the 
vector state associated to the vector 1. □ 

By the Lemma just proved, we are in a situation where we can apply Tomita-Takesaki 
theory. As usual we denote by S the involution on L'^ [A{I , e) , ip"^) defined by: 3(^1) = 7*1 
for all 7 G F. A will denote the modular operator and J the modular conjugation. Recall 
that S = JA2 is the polar decomposition of the antilinear operator S (which is here bounded 
since we are in a finite dimensional framework). We also denote by {crt)teM. the modular group 
of automorphisms of F associated to (p. Recall that for all 7 G F and all t G M we have 
o-t(7) = A**7A-^*. 

Notation: In the following, for A C / we denote by {xi)iei the characteristic function of the set 
A : Xj = 1 if i G A and Xi = if i ^ A. (We will not keep track of the dependance in A unless 
there could be some confusion.) 

Proposition 5.3 The modular operators and the modular group of (F, (f^) are determined by: 

1. J is the antilinear operator given by: for all A G I, 

J(^\— J(^'X--k „X-l„Xl „Xfc\ „Xfc „Xl „X-l „X-fc 

2. A is the diagonal and positive operator given by: for all A G I, 

A{xa) = Aix^^l' . . . x^l^xf ...xf) = x'^^'^-^-'^^ . . . X^^'-^'-'^XA 

3. For all j & {1 ... , k}, 7^ is entire for {o't)t and satisfies (Tzilj) — for all 2; G C. 
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Proof. Let A C I. We have 

XA = xlt . . . x^-xf . . . = /.f . . . /xf -'^-'=7;"-^ • • • 7r"-^7r • • • 7f 1 

Thus, 



-'5 



= /if . . ./if-"-'=(7r-'= . . .7r-Wf . . .7f )*1 
= /if -'^-^ . . ./if ^-'=7^'^'= • • •7r'^^7?" • • •7^'! 

_ , 2(xi-X-l) , 2(Xfc-X-fc)™Xfe ™Xi ™X-i ™X-fe 
— Pi ■ ■ ■ H'k X_i^...X_iXi ■■■Xk 

By uniqueness of the polar decomposition, we obtain the stated result. Let j G {1 . . .k} and 
t e M we have: 

ai(7,)l = A%A-''l = A%1 = i^j'A^'xj = /i-Vf a;, 

It follows, since 1 is separating for F, that crti^jj) = fJ'f^Jj- D 
Remarks. 

• We have F' = F,. . Indeed we have already proved the inclusion F^ C F' in Lemma 15.21 . For 
the reverse inclusion we can use Tomita-Takesaki theory which ensures that F' = JTJ. But 
for all j G / it is easy to see that JjSjJ = a^j. It follows that for all j G {1, . . . , A;} we have 
J'jjJ = S*. Thus F' C F^. The equality F' = F,. can also be seen as a consequence of a general 
fact in Tomita-Takesaki theory: it suffices to remark that F,. is the right Hilbertian algebra 
associated to F in its GNS representation. 

• The previous construction can be performed for an infinite set of the form J x { — 1, 1} given 
with a family of eigenvalues (/ij)jgj G [1, +00 ["^ and a sign function e satisfying 

e((j,z),(/,0) = e((j,l), (/,!)) for all ((j, ^), (/, 0) G (J x {-1, l}f . 
5.2 Central limit approximation of g-Gaussians 

In this section we use the twisted Baby Fock construction to obtain an asymptotic random 
matrix model for the g-Gaussian variables, via Speicher's central limit Theorem. Let us first 
check the independence condition: 

Lemma 5.4 For all j G {1, . . . ,k} let us denote by Aj the C* -suhalgehra of 
B{L'^{A{I,e),ip^)) generated by the operators (3j and P-j. Then the family {Aj)i<^j^k is inde- 
pendent in B {L"^ {A{I , e) , . In particular, the family (7j)i^j^fc is independent. 

Proof. The proof proceeds by induction. Changing notation, it suffices to show that 

Lp'{ai . . . ar+i) = (f'iai . . . ar)v?'(a^+i) 

where ai G Ai for all / G {l,...,r + 1}. Since a^+i is a certain non-commutative poly- 
nomial in the variables Pr+i, P-{r+i), and /?* it is clear that there exists u G 
Span{xr4-i, X-(^r+i), X-(r+i)Xr+i} such that 

a^+il = (1, a^+il)! + ly 
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It is easy to see that a* . . .all G Span {xb, B C {— r, . . . , — 1} U {1, . . . , r}}, which is orthogonal 
to Span{xr+i, x_^(r+i)Xr+i\- We compute: 

(p^{ai . . . ar+i) = (1, ai . . . arflr+il) = {a* ■ ■ ■ all, ctr+il) 

= {a* . . . all, a-r+il) + {a* . . . all, u) = (1, ai . . . arl){l, cir+il) 
= v?'(ai . . .ar)ip'iar+i) 

□ 

Remark. It is clear that one can prove, in the same way, that the C*-algebras generated by the 
f3j are independent (this is Proposition 3 in [Bi]). 

Let q G (—1, 1). Let us choose a family of random variables {^{"i, in Lemma 

I2.6| and set e{i,i) = —1 for all i G N*. As in section 2.5.1, for all n G we will consider the 
complex *-algebra A{In, Cn) where 

/„ = {!,. ..,n}x {{-k,...,-l}U{l,...,k}) 

and 

en{{i,j),{i',f)) = e{z,t') for all {{z, j), {t' , f)) e ll 
Notice that the analogue of condition ()17|1 is automatically satisfied. Indeed, we have: 

e„((z, j), {^',f)) = |j|), {i' , |/|)) for all ((z, j), (^', /)) e 

Let us remind that ^(/„,e„) is the unital free complex algebra with generators (a;jj)(tj)e/„ 
quotiented by the relations, 

and with involution given by x*j = Xij. For all G {1, . . . , n} x {1, . . . , A;} let 'jij be the 
"twisted semi-circular variable" associated to 

We denote by r„ C i?(L^(^(/„, e„), y^"")) the von- Neumann algebra generated by the 7jj for 
G {1, . . . , n} X {1, . . . , k}. Observe that all our notations are consistent since (F^, y?^") is 
naturally embedded in (F„+i, (y9'^"+^) (see the remarks following Lemma ()2.3|l ). In fact all these 
algebras (F„,y9^") can be embedded in the bigger von Neumann algebra {T,ip'^) which is the 
Baby Fock construction associated to the infinite set I and the sign function e given by 

7 = N, X {{-k,...,-l}U{l,...,k}) 

and 

e((z,j),(^',/)) = e(^,0 for all j), i^' , f)) ef . 
Let us denote by Snj the following sum: 



1 " 

— T 



We now check the hypothesis of Theorem 12.51 for the family (7i,j)(ij)eN,x{i,...,fc} C (F, 
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1. The family is independent by Lemma f5 .41 

2. It is clear that for all we have ip'^{'-fij) = 0. 

3. Let j(2)) G {1, . . . ,k} and i G N*. We compute and identify the covariance thanks 
to Lemma [2.21 

ef k{l) k{2) N , -fe(l)T fc(2) .\ , k{l) ~k{2) V 

V l7ij(l)7ij(2)J = (7ij(l) ^'7ij(2)l) = (/^j(l)^-fc(l)i,-fc(l)i(l)./^j(2) a;fc(2)i,fc(2)i(2)) 

2fc(l)r r / fc(l) A;(2)n 

= <5fc(2),-fc(l)()j(i)j(2) = ¥'lCj(i)C^-(2)J 

4. It is easily seen that ip''{'^^^p . . ■lij"'') is independent of i G N*. 

5. This is a consequence of Lemma f5. 21 

6. This follows from Lemma f2.6l almost surely. 

Thus, by Theorem 12. 5| we have, almost surely, for all p G N*, . . . , k{p)) G { — 1, 1}^ and 

all(j(l),...,j(p))e{l,...,fcr: 



lim (^^fs''^^^ ^^^^^ ) - 



if p is odd 



r 



Ve7'2(l,.--,2r) 1=1 

V={{si,tO\zl} 



By Lemma 12.21 we see that all ^-moments of the family {sn,j)je{i,...,k} converge when n goes to 
infinity to the corresponding ^-moments of the family (cj)jg{i^.,,^fc}: 

Proposition 5.5 For all p G N*, • • • , G {1, . . . , fc}^ and for all 

(A;(l), . . . , k{p)) G {-1, 1}P -we have: 

Remark. It is possible (and maybe easier) to apply directly Speicher's Theorem to the indepen- 
dent family jjg/^- Then, it suffices to follow the analogies between the Baby Fock and 
the g-Fock frameworks to deduce the previous Proposition. 



5.3 r,(//K, {Ut)teR) is QWEP 

For all j G {1, . . . ,k} let us denote by gnj = Re (snj) and Qn-j = i^nj)- By (fTHj) we 
have that for all monomials P in 2/c noncommuting variables: 

lim Lp\P{gn-k, • • • , S'n.fc)) = (p{P{G{f-k), G{fk))) almost surely (19) 

n— >+oo 

Since the set of all non-commutative monomials is countable, we can find a choice of signs e 
such that (|T9|) is true for all P. In the sequel we fix such an e and forget about the dependance 
on e. 
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Lemma 5.6 For all polynomials P in 2k noncommuting variables we have: 

lim ^iPign,-k, . . . , gn,k)) = ¥^(P(G(/_fe), . . . , G{h))) (20) 

n—t+oo 

We are now ready to construct an embedding of TglH^, Ut) into an ultraproduct of the 
finite dimensional von Neumann algebras r„. To do so we need to have a uniform bound on 
the operators gnj- Let C > such that for all j G /, ||G(/j)|| < C, as in the tracial case, we 
replace the gnj by the their truncations gnj = X]-c,c[{gn,j)gn,j- The following is the analogue 
of Lemma 13.11 

Lemma 5.7 For all polynomials P in 2k noncommuting variables we have: 

hm ^iP{~gn,-k, . . . , ~gn,k)) = ¥.(P(G(/_fc), . . . , Gifk))) (21) 

n—f+oo 

Remark. For all n G and all j & I the element gnj is entire for the modular group (this is 
always the case in a finite dimensional framework). By (3) of proposition 15.31 we have for all 

je{l,...,fc} 

<^z{sn,j) = A}^s„j for all z e C 

Thus for all z e C, 

n (n \ = 1 cos(2;ln(Aj))5(„j - sva.{zhi{\j))gn,^j for all j G {1, . . . , fc} , . 

(^z{gn,j) S sin(zln(A_j))^„,_, + cos(z ln(A_,))^„,,, for all j G {-1, ...,-k} ^ ' 



Proof of Lemma\5~l\ It suffices to show that for all (j(l), . . . , j(j9)) G P we have 



lirn <^(^nj(i) • • • gn,j(p)) = ^{Gifji^i)) . . . ^(/^(p))) 

n — ^+oo 

By fl2()|l it is sufficient to prove that 

lim \(p{gn,j{l) ■ ■ ■ gn,j{p)) - ^{gn,j{l) ■ ■ ■ ^n,j(p))l = 
n — >+cxD 

Using multi-linearity we can write 

IvignJil) ■ ■ ■ gn,j(p)) - V{.gn,j{l) ■ ■ ■ gn,j(p))\ 

p 

= I f[gn,j{l) ■ ■ ■ gn,j{l~l){gn,j{l) - gn,j{l))gn,j{l+l) ■ ■ ■ gn,j{p) 



1=1 
p 



^ \ f[gn,jii) ■ ■ ■ gn,j(i-i){gn,j{i) - gn,j{i))gn,j{i+i) ■ ■ ■ g-n,. 



j(p) 



1=1 



Fix Z G {1, . . . using the modular group we have: 

\v[gn,j{l) ■ ■ ■ gn,j{l-l){gn,j{l)-gn,j{l))gn,j{l+l) ■ ■ ■ 5'nj(p)] I 

= W[(^i{gn,j{l+l) ■ ■ ■gn,j{p))gn,j{l) ■ ■ ■gn,j{l-l){gn,j{l) - gn,j(l)) 
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Estimating by Cauchy-Schwarz's inequality we obtain: 

\^Wi{gn,j{l+l) ■ ■ ■ gn,j{p))gn,j{l) ■ ■ ■gn,j{l-l){gn,j{l) - gn,j{l))]\ 

^ ^[(yi{gn,j(i+i) ■ ■ ■ gn,j{p))gn,j{i) ■ ■ ■ gl,j{i~i) ■ ■ ■ gn,j(i)(^-i{gn,j(p) ■ ■ ■ gn,j{i+i))\'- 
X v[{gn,j{i) - gn,mf\^ 

^ C'"V[0'i(fi'n,i(/+l) • • • gn,j{p))(y-i{gn,j(p) ■ ■ ■ gn,j{l+l))]^f[{gn,j{l) - gn,j{l)Y]^ 



The conclusion follows from the convergence of this last term to 0. Indeed, by (j22j) there exists a 
polynomial in 2k non-commutative variables Q, independent on n, such that Q{gn-k ■ ■ ■ gn,k) = 
CTiignjii+i) ■ ■ ■ gn,j{p))cr-i{gn,j(p) ■ ■ ■ gnjii+i))- It follows by (j2I| that 

lim (p[a^{gn,jil+l) ■ ■ ■ gn,j{p))cr-i{gn,jip) ■ ■ ■ gn,j{l+l))] = (p{Q{G{f-k) ■ ■ ■ G{fk))). 

n — ^+00 

And by Lemma ip[{gn^j(i) — gn,j(i)Y] converges to when n goes to infinity. □ 

Let us denote by V the ti'*-dense *-subalgebra oiVq{H^, Ut) generated by the set j e 

/}. We know that V is isomorphic to the algebra of non-commutative polynomials in 2k 
variables (see the remark after Lemma l3.2|l . Given U a non trivial ultrafilter on N, it is thus 
possible to define the following *-homomorphism $ from V into the von Neumann ultraproduct 
^ = n r„ by: 

n,Vl 

^P{G{U), G{h))) = {PCgn,-k, . . . , gn,k))'n^n 

Indeed the right term is well defined since it is uniformly bounded in norm. Let us check the 
hypothesis of Theorem 14.31 

L By Lemma (5. 7[ $ is state preserving. 

2. It is sufficient to check that condition 2. of Lemma 14.11 is satisfied for every generator 
$(G(/j)), j G /. Let us fix j G / and recall that by there are complex numbers uj 
and ujj (independent of n) such that cr'^i{gn,j) = ^jgnj + ^jgn,-j- We show that condition 
2. of Lemma mU is satisfied for x = <l>(G(/j)) and z = Uj^{G{fj)) + ujj^{G{f-j)). By 
W7*-density it is sufficient to consider y = {UnJneN ^ Using Lemma I^TI we have: 

^{^{Gifj))y) = lim<^„(^„jl/n) = \im(pn{gn,jyn) = limvn{yn(r"i{gn,j)) 

n,U n,U n,U 

= \imipn{yn{j^jgn,j + iOjgn-j)) = lim V9„ (?/„ (z/j^„ j + LOjgn-j)) 
n,U n,U 

3. It suffices to check that the intertwining condition given in the remark of Theorem 14.31 is 
satisfied for the generators $(G(/j)) = {gn,j)neN- 

for all J G J, atip^Gif,))p) = p^{at{G{f,)))p 

To fix ideas we will suppose that j ^ 0. Recall that in this case for all t G M and for all 
n G N, we have 

(^tignj) = cos{t\n{Xj))gn,j - sm{t\n{Xj))gn-j. 
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Since the functional calculus commutes with automorphisms, for all t G M and for all 
n G N, we have: 

where h{\) = X]-c,c[W^, for all A G M. But by Lemma ESI 

(^ti9n,j) = cos{t\n{\j))gnj - sin()f:ln(Aj))5(„__j 

converges in distribution to 

cos(tln(A,))G(/,) - sin(tln(A,))G(/_,) = a^iGif,)) 

and = ||G(/j)|| < C. Thus, by Lemma we deduce that a^ijjnj) converges 

in distribution to at{G{fj)). On the other hand, by Lemma [5.7^ 

cos(tln(Aj))^„,j - sin(tln(Aj))^„_j 

also converges in distribution to 

cos(tln(A,))G(/,) -sin(tln(A,))G(/_,) = a,{G{f,)). 

Let y E A, using Raynaud's results we compute: 

^{a,{p^G{f,))p)pyp) = ^((A^*)><|.(G(/,))p(A;^*)>p) 

= ^{piA^y^GifM^ypyp) 

= yp((A^*)-$(G(/,))(A-*)» 
Let z = (^n)*eN ^ By our previous observations, we have: 

^{{/^y^GifMK'r^) = lira M^tgn, An 'Zn) 

n,U 

= \im ipn{cr't{gn.j)zn) 

n,U 

= ^{a,{G{f,))z) 

= limv9„((cos(tln(Aj))^„j - sin(t ln(Aj))^„, _j)z„) 

n,U 

= ^((cos(tln(A,))$(G(/,)) - sin(tln(A,))$(G(/_,)))z) 
= ^((p$(a,(G(/,)))p)zp) 



By w*-density and continuity, we can replace z by py in the previous equality, which gives: 

^{(Tt{p<!>{G{fj))p)pyp) = ^{{p<!>{(Tt{G{fj)))p)pyp). 

Thus, taking y = at{p^{G{fj))p) — p^{at{G{fj)))p, and by the faithfulness of (p{p.p) we 
deduce that 

MpHGif,))p) = p^{at{G{f,)))p G plm($)p 

By Theorem 14. 3[ = p^p can be extended into a (necessarily injective because state 
preserving) w;*-continuous *-homomorphism from Tq{H^, Ut) into pAp with a completely com- 
plemented image. By its corollarv l4.4[ since the algebras r„ are finite dimensional and a fortiori 
are QWEP, it follows that Vq{H^, Ut) is QWEP. 

27 



Theorem 5.8 If is a finite dimensional real Hilbert space equipped with a group of orthog- 
onal transformations {Ut)tm> then the von Neumann algebra rq{H^,Ut) is QWEP. 

Remark. We have only proved the Theorem for Hs. of even dimension over M. We did this 
only for simplicity of notations. Of course this is not relevant since, if the dimension of is 
odd, then we just have to consider the real Hilbert space i^K © M equipped with {Ut © Id)tgiR. 
Vq{H^ © M, f/j © Id) is QWEP by our previous discussion. Let us denote by Q the projection 
from ifjR © M onto i^R, then Q intertwines {Ut © Id)teR and {Ut)te^- In this situation we can 
consider Vq{Q), the second quantization of Q (see (Hi]), which is a conditional expectation 
from Vq{H^ © M, ^7^ © Id) onto Vq{H^^ Ut). Thus Vq{H^, Ut) is completely complemented into a 
QWEP von Neumann algebra, so Tq{H^, Ut) is QWEP. 

Corollary 5.9 If {Ut)tm is almost periodic on H^, then Tq{H^,Ut) is QWEP. 

Proof. There exist an invariant real Hilbert space Hi, an orthogonal family of invariant 2- 
dimensional real Hilbert spaces {Ho,)aeA and real eigenvalues {Xa)a&A greater than 1 such that 



In particular it is possible to find a net (J/?) pfzB of isometries from finite dimensional subspaces 
H/^ C H^ into H^, such that for all P E B, Hp is stable by {Ut)t&L and IJ Hp is dense 



in H^. By second quantization, for all (3 G B, there exists an isometric *-homomorphism 
Tq^Ip) from Tg{Hp,Ut\Hfi) into Tg{H^,Ut), and Tq{H]s^,Ut) is the inductive limit (in the von 
Neumann algebra's sense) of the algebras Tq^H^jUtiEp)- By the previous Theorem, for all 
P e B, Tq{H(3, Ut\Hp) is QWEP, thus Vq{H^, Ut) is QWEP, as an inductive limit of QWEP von 



6 The general case 

We will derive the general case by discretization and an ultraproduct argument similar to that 
of the previous section. 

6.1 Discretization argument 

Let i^M be a real Hilbert space and {Ut)tm a strongly continuous group of orthogonal transfor- 
mations on H^. We denote by i^c the complexification of H^ and by {Ut)t&. its extension to 
a group of unitaries on Hq. Let A be the (unbounded) non degenerate positive infinitesimal 
generator of {Ut)tm- For every n G let be the bounded Borelian function defined by: 




Neumann algebras. 



□ 




and 



fnif) = gn{t)X{t>l}{t) + 



1 



X{t<i}{t) + X{i}{t) foralHGM. 



9n{l/t) 



■+ 
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It is clear that 

fn{t)^t for all t^l and /^t) = — L- for all teR^. (23) 

For all n G N*, let An be the invertible positive and bounded operator on Hq defined by 
An = fn{^)- Denoting by J' the conjugation on He, we know, by [SEI, that J A = A~^J. By 
the second part of (j23|l . it follows that for all n G 

J An = Jfn{A) = fn{A-')J = fn{A)-' J = A'' J (24) 

Consider the strongly continuous unitary group {UJ^)tm on He with positive non degenerate 
and bounded infinitesimal generator given by An. By definition, we have f/" = An- By ()24j] . 
and since is anti-linear, we have for all n G N* and all t G M: 

JU^ = JA"^ = a!^j = UJ^J 

It follows that for all n G and for all t G M, H^ is globally invariant by Ul", thus we have 

UtiH^) = Hm. 

Hence, (?7f)tgiR induces a group of orthogonal transformations on H^ such that its exten- 
sion on He has infinitesimal generator given by the discretized operator An- In the follow- 
ing we will index by n G N.,, the objects relative to the discretized von Neumann algebra 
r„ = r, (i^M, (Untm)- We simply set 1 = 1, {H^, iUt)tm)- 

Remark. Notice that He is contractively included in H and all and that the inclusion 
Hm, C H (respectively Hr C if„) is isometric since Re((., .)u)\HtixHti = ( • , • )i?K (see jSEj). 
Moreover for all n G N* the scalar products ( . , .)u" and ( . , .)hc are equivalent on He since 
An is bounded. 

Scholie 6.1 For all ^ and rj in He we have: 

lim {^,v)h„ = {^,v)h 

n— >+oo 

Proof. Let Ea be the spectral resolution of A. Take ^ G He and denote by fi^ the finite positive 
measure on M_|_ given by /if = {Ea{.)^,Ohc- Since for all A G M+, lim g o /„(A) = g{\), 

?i— >+oo 

and g{X) = 2A/(1 + A) is bounded on IR+, we have by the Lebesgue dominated convergence 
Theorem: 

2/4 r 

= lira / g o fni\)df,^{X) = lim (--^e, O^c = lim H^IlL 

n— >+oo Jju^ n^+oo 1 -|- An n^+oo 

And we finish the proof by polarization. D 
Let E be the vector space given by 

^ = Ufc6N,X[i,fc](^)(^R) 
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We have 

thus E C H^. Since A is non degenerate, 

UfceN*X[i,A:](^)(^c) = X]0,+oo[{A){Hc) = He 

It follows that E is dense in H^. Let (ej)jg/ be an algebraic basis of unit vectors of E and 
denote by £ the algebra generated by the Gaussians G(ej) for i E I. £ is w* dense in T and 
every element in £ is entire for {at)tm (because for all /c e N*, A is bounded and has a bounded 
inverse on X[i ,k]i^) {^c)) ■ Denoting by W the Wick product in F, we have for alH G / and all 

zeC: 

a,iG{e,)) = WiU^^e,) = W{A-''ei) (25) 
Since C H and for all n G N*, C iy„(isometrically), we have by (HJ 

For all (z,n)G/xN„ ||G„(ei)|| = -=2= (26) 



Scholie 6.2 For a// r G M anc? /or all i E I we have 

sup |K^(G„(ei))|| < +00 

neN* 

Proo/. Fix i G /. Bv (1^: 

ll<(G'„(e.))|| = ||W^(A;e.)|| = ||a:(A;e.) + a.(:rA;e.)|| 

Thus it suffices to prove that for all r G M we have 

sup ||A^ei||/^„ < +CX) 

nGN, 

Let us denote by /ij = (_E^(.)ei, ei)Hc ^"^^ by gr{^) = 2A^''+^/(l + A). There exists A; G N,,, such 
that Cj G X[i/fc,fc](^)(-f^R), thus we have : 

\r „ l|2 

III II I lAHl/--- Z---)!^^ 



\K(^i\\Hr, = {9r O fn{,A)ei,ei)Hc = 9rO /„(A)d/ii(A) 

[1/A:,fc] 

It is easily seen that {gr o /„)„gN, converges uniformly to gr on [l/k, k]. The result follows by: 
lim IIA^Cill^ = lim / o /„(A)d/ii(A) = / gr{X)dj2i{X) = \\A''ei\\H. 

□ 
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6.2 Conclusion 

Recall that £ is isomorphic to the complex free *-algebra with |/| generators. Let U he a free 
ultrafilter on M*, by ()2fi|) we can define a *-homomorphism $ from S into the von Neumann 
algebra ultraproduct over U of the algebras r„ by: 

$ : s^A = l[r, 

G{ei) I ^ 

We will now check the hypothesis of Theorem 14.31 

1. We first check that $ is state preserving. It suffices to verify it for a product of an even 
number of Gaussians. Take (ii, . . . , i2k) G we have by Scholie 16.11 

l=k 

^(G(e.J...G(e.,J) = ^ 5^^"^^ H^^Mo' ^^.(o)^ 

veV2{i,...,k) 1=1 
v={(.(0,t(0))izj 

l=k 

VeV2{l,...,k) 1=1 
V=i{s{l),tm\z1 

= lim <^n{Gn{eiJ . . . Gn{ei^,)) 

This implies, in particular that $ is state preserving. 

2. Condition 1. of lemma H?T] is satisfied by Scholie IFT^ 

3. It suffices to check that for alH G / and all t G M, (o""(G'„(ej)))*gj^^ G Ini$^ . Fix i E I 
and t G M. For all n G we have 

\\A-%, - A-%4j,^ = I |/-*(A)-A-fd/i.(A) 

By the Lebesgue dominated convergence Theorem, it follows that 

lim ||A;**e,-A-^*e,||H. =0. 

n— >+oo 

By (j26|l we deduce that 

lim \\GMn'ei)-GM'"'ed\\=^ 

n— >+oo 

Thus we have 

WnGn{e,mm, = iGn{A;:'%)):en. = (G„(A-*e,)):,p,, G m"'" C M^*. 
By Theorem 14. 3^ we deduce our main Theorem: 

Theorem 6.3 Let be a real Hilbert space given with a group of orthogonal transformations 
{Ut)tm- Then for all q G (—1, 1) the q-Araki-Woods algebra Tg{H^, {Ut)tm) is QWEP. 
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Remark. We were unable to prove that the C*-algebra C*(ifR, {Ut)tm) (for (^t)tGM ^'^^ trivial) 
is QWEP, even for a finite dimensional Hilbert space H]^. The proof of Lemma 13.51 could not 
be directly adapted to this case. Indeed, in the non-tracial framework, the ultracontractivity 
of the g-Ornstein-Uhlenbeck semi-group is known when A is bounded and t > ^^^^^^^^^ 

but in any cases it fails for < t < (see jHi] Theorem 4.1 and Proposition 4.5). 
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